BASICS FROM REPRESENTATION THEORY

VINCENT DUMONCEL

Our goal here is to introduce representation theory for finite groups, that is the study
of actions of finite groups on vector spaces.

1. DEFINITIONS AND EXAMPLES

Recall first that an action of a group G on a set X is a group homomorphism G — S(X),
where the latter is the group of bijective maps (called permutations) of X.

Definition 1.1. Let G be a finite group, and V be a finite-dimensional vector space. A
representation of G on V is a group homomorphism

¢: G — GL(V).
The dimension of V is then called the degree of ¢, and is denoted deg(¢).

Given a representation of G on V, we usually write ¢ for ¢(g), and ¢4 (v), or ¢gv, for
@(g)(v).

Example 1.2. Any group G has a degree one trivial representation, defined by ¢: G —
Cregr— 1.

Example 1.3. The map Z/2Z —> C*, [k] —> (=1)%, is a degree one representation of
Z)27.

2mik

Example 1.4. More generally, the map Z/nZ — C*, [k] +— e » , is a degree one
representation of Z/nZ.

Example 1.5. Define ¢: S, — GL,(C) = GL(C") on the standard basis of C" via
¢po(e;) =ez;), 0 €Sy, 1 <1 < n. Given g € S,, the matrix of ¢, in the standard basis
of C" is obtained by permuting the rows of I, according to ¢. For instance, if n = 3, then

0 01 010
paz =10 1 0, @as)=(0 0 1f.
1 00 1 00

Let ¢: G — GL(V) be a representation of degree n. Given a basis B of V, we can
associate a vector space isomorphism 7': V — C", and define another representation y
of Gon C" by w, = T ,T™!, g € G. We want to think of this action of G on C" as being
the same as its initial action on V. This motivates the next definition.

Definition 1.6. Let ¢: G — GL(V) and v: G — GL(W) be two representations of
G. We say ¢ and v are equivalent, and we denote ¢ ~ v, if there exists a vector spaces
isomorphism T': V — W so that T, = w,T forall g € G.

It is straightforward to check ~ is reflexive, symmetric and transitive.
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Example 1.7. Define ¢: Z/nZ — GL,(C) and y: Z/nZ — GL,(C) by

ik
en 0
_2mik | -
0 e =

_ [cos(2mk) —sin(ZH%)) B
Plx] (Sin(ZJI%) cos(Zﬂ%) > Vik)

Then ¢ ~ v, and a direct computation shows that @[] = Ay A forany0 < k <n-—1,

1 -1
where A = (1 1 )

Note that in Example[1.5we have
poler+---+ep) =egay+--+egm =e1+---+ey,

for any o € S,,. This means that the subspace C(e; + - - - + e,) is invariant (in fact even
fixed) under the action of ¢,, and restricting our attention to this subspace provides a
new action (here trivial) of the group on a vector space.

Definition 1.8. Let ¢: G — GL(V) be a representation. A subspace W C V is called
G—invariant if pow € W forany g € Gandany w € W.

For ¢ as in Example Ceq and Ce, are both Z/nZ—invariant and C = Ce; @ Cey.
This is not a special feature of this representation, and we will prove later that such a
decomposition always exists.

Definition 1.9. Let ¢V: G — GL(W}), ¢?: G — GL(V>) be two representations of G.
Their direct sum is the representation ¢V @ ¢»: G — GL(V; @ V) defined as

(@ & p?) 4 (v1,02) = (95 v1, 9 v2)
forany g € G and (v1,v2) € V1 & Vs

In terms of matrices, if ¢V: G — GL,(C) and ¢?: G — GL,,(C), then ¢V @
»?: G — GL,ym(C) and

(1)

0
(P @), = ((pg B
Pg

, 8 €@.
0 8

Example 1.10. The representation ¢ of Example[1.7]is the direct sum eV @ ¢, where

Example 1.11. If n > 1 and ¢ is the representation of G given by ¢, = I, for any g € G,
@ is not the trivial representation of G but rather the direct sum of n copies of the trivial
representation.

Example 1.12. Let ¢: S3 — GL,(C) be defined on the generators (12) and (123) of S3

as
(-1 1 (-1 1
P2 = 0 1] P(123) = 1 0

and let ¥ be the trivial representation of S3. Then
-1 -1 0

(‘P@W)(12)=(0 o0
0O 0 1

-1 -1 0
, (pOY)awm) = ( 1 0 0) .
0O 0 1
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In fact we will see later that this representation is equivalent to the one of Example

If p: G — GL(V) is a representation and W C V is G—invariant, one may restrict ¢
to W to get a well-defined representation ¢|w: G — GL(W). We then say that ¢|w is a
subrepresentation of . If V1,V, C V are G—invariant and V = V; @ V, then ¢ is equivalent
to the direct sum ¢|y, © ¢ly,.

In mathematics, it is often the case that one has a sort of factorization into primes or
irreducibles. This also happens in representation theory.

Definition 1.13. Arepresentation ¢: G — GL(V) is called irreducible if the only G—invariant
subspaces of V are {0} and V.

Example 1.14. Any one dimensional representation ¢: G — C” is irreducible, as the
only subspaces of C are {0} and C itself.

Example 1.15. As already mentioned, the representation ¥ of Example|1.7|has two non-
trivial invariant subspaces, and is therefore not irreducible. Likewise, using the matrix A
of the same example, one can deduce that

i —i
“(i)- <[3)
are non-trivial invariant subspaces for ¢, which is also not irreducible.
We will establish below that being irreducible is an invariant of equivalences of repre-
sentations. Non-irreducibility of ¢ therefore directly implies non-irreducibility of ¢.

In fact, we also could deduce that C i is invariant for ¢ by noticing the latter is actually

an eigenspace for each ¢z]. Let us work out this idea on another example before stating
a general result.

Example 1.16. Consider the representation of G = S3 given by

-1 -1 -1 -1
Pay=\og 1| Pa2y={1 o

We claim this representation is irreducible.

Proof. Indeed, suppose towards a contradiction that W C C? is a non-trivial S3_invariant
subspace. Then dim(W) = 1. Fixv € W,v # 0,sothat W = Cv. As ¢(12)v, @(123v € W, we
have @12)v = Av, @(123)v = pv for some A, u € C. This implies v is a common eigenvector
for ¢(12) and @(123). On the other hand, a direct computation shows that the eigenvalues
of ¢(12) are 1 and -1, with corresponding eigenspaces

n-ef3) womcl

and neither (_21) nor ((1)) is an eigenvector for ¢(123). This is a contradiction, and thus ¢

is irreducible. O
Our first proposition is then a criterion for irreducibility.

Proposition 1.17. Let ¢: G — GL(V) be a representation of G of degree 2 or 3. Then ¢ is
irreducible if and only if there is no common eigenvector to all ¢4, g € G.
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2. MASCHKE’'S THEOREM AND COMPLETE REDUCIBILITY

Our goal is to show that any representation is equivalent to a direct sum of irreducible
representations. To that aim, we adopt some terminologies.

Definition 2.1. Let G be a group. A representation ¢: G — GL(V) is said to be completely
reducibleif V.=V, @ --- ®V,,, where V1, ..., V, are G—invariant subspaces of V and ¢y,
is irreducible forall1 < i < n.

Equivalently, ¢ is completely reducible if ¢ ~ ¢V @ - - @ ™, where ¢V is irreducible
foralll <i < n.

Definition 2.2. A representation ¢: G — GL(V) is called decomposable if there exists
non-trivial G—invariant subspaces Vi,V, so that V. = V; @ V,. Otherwise, ¢ is called
indecomposable.

First, we show that these notions are invariant under equivalences of representations.

Proposition 2.3. Let ¢: G — GL(V) be a representation equivalent to a decomposable repre-
sentation ¥ : G —> GL(W). Then ¢ is decomposable.

Proof. As ¢ ~ y,letT: V — W be an isomorphism of vector spaces so that ¢,T = T'p,
for all g € G. By assumption, we may find Wi, W, ¢ W two non-trivial G—invariant
subspaces so that W = Wy @ W,. Let then V := TY(Wy), V, := T (Wa).

First, observe that Vi NV, = T~} (W; N W) = T71({0}) = {0} as T is an isomorphism.
Also if v € V, then Tv € W, so there exists a unique pair w; € Wi, wp, € W, so that
Tw = w1 + wy. Now v = T 'wi + T 'wy = vy + vy with vy € V4, vy € V), and the pair we
just found is unique since T' is an isomorphism. This proves that V =V; @ V,.

It remains to prove that V;,V, are G—invariant. For instance, letv € V; and g € G.
Then

PgU = T_lngv
and T'v € Wy which is G—invariant, so ;Tv € W1, whence ¢ v = T‘lngU e TH (W) =
V1. Thus V; is G—invariant, and the same reasoning shows V, is G—invariant as well. O

A similar proof shows analoguous statements for irreducibility and complete reducibil-
ity.
Proposition 2.4. Let ¢: G — GL(V) be a representation equivalent to a completely reducible

(resp. irreducible) representation w: G — GL(W). Then ¢ is completely reducible (resp.
irreducible).

The strategy for proving a decomposition into a direct sum of irreducible representa-
tions is to prove that each representation is either irreducible or decomposable, and then
proceed by induction on the degree. This last fact could seem obvious, but may fail for
representations of infinite groups. Here is an example.

Example 2.5. Let ¢: Z — GL,(C) be given by
1 n
p(n) = (0 1) .

It is easy to check ¢ is a homomorphism, and that e; is an eigenvector for all ¢(n), n € Z.
Thus ¢ is not irreducible. On the other hand, if ¢ is decomposable, it is equivalent to
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a direct sum of two one-dimensional representations. Such a representation is diagonal,
and thus ¢(1) is diagonalisable, a contradiction. Hence ¢ is indecomposable.

To prove every representation of a finite group is either irreducible or decomposable,
we will proceed in two steps, first showing this holds for unitary representations, and then
showing every representation is equivalent to a unitary one.

Definition 2.6. Let V be an inner product space. A representation ¢: G — GL(V) is
unitary if

<(pgua (pgv> = <u’ U>
forany g € Gandu,v € V.

In other words, a representation ¢ is unitary if its image lies into U(V), the unitary
group of V.

Example2.7. Let p: R — T,t > ™. Then ¢p(t+s) = 279 = e27ite271s — (5(£)p(s)
foralls, ¢ € R, so ¢ isa homomorphism, and as T = U(C), it is a one-dimensional unitary
representation of R.

We can now proceed to show the dichotomy announced above for unitary representa-
tions.

Proposition 2.8. Let ¢: G — GL(V)) be a unitary representation of a finite group G. Then ¢
is either irreducible or decomposable.

Proof. If ¢ is irreducible, there is nothing to prove. Suppose then it is not, and let W c V
be a non-trivial G—invariant subspace. Then its orthogonal W+ is also a proper subspace
of Vand V =W @ W+. It remains to prove it is also G—invariant. Let g € Gand v € W+.
Then for w € W one has

(Pgv, W) = (Pg1PgV, Pg10) =V, Pg10)
since g is unitary. As W is G—invariant, ¢, 1w € W and since v € W+, we deduce

(v, p,1w) = 0. Hence @ v € W+, and the latter is therefore G—invariant. This proves
that ¢ is decomposable. O

The second step is then to prove any representation is equivalent to a unitary represen-
tation.

Proposition 2.9. Let ¢: G — GL(V) be a representation of a finite group G. Then ¢ is
equivalent to a unitary representation.

Proof. Let n := dim(V) and fix an isomorphism of vector spaces T': V. — C". Setting
pg = T T! for any g € G yields a representation p: G — GL,(C) equivalent to ¢.
As ~ is an equivalence relation, it is then enough to prove that p is equivalent to a unitary
representation. To this aim, we show that there is an inner product on C" for which p is
unitary. Let (-, ) be the standard inner product on C", and define

(u,v) := Z(pgu, pgv), u,v e C".
geG
It is straightforward to check (-, -) is an inner product. For instance if « € C" one has

(w,u) = )" (pglt, glt)

ge@
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and (pgu, pgu) > 0forall g € G, whence (u,u) > 0. Alsoif (u,u) = 0then (pgu, pgu) =
0 for all g € G. In particular, for g = e, we get (v, u) = 0, whence u = 0. Additionally, p
is unitary for this new inner product, as

(ontt, pav) = D (PgPrtl, PgprVY = ) (Pgntt, penv) = D (pett, prv) = (,0)
ge@ ge@ teG

since g — gh is a permutation of G. To conclude, choose {fi, ..., f,} an orthonormal
basis of (C", (-,)), define an isomorphism S: (C",(-,-)) — (C", (-,-)) by Se; = f;, for
1 < i < n, and extend it by linearity. Set T' := Idc» o S, where Idc»: (C*, (+,-)) —
(C"™, (-, -)). The invariance of (-, -) with respect to p now implies that TpgT_l is unitary
for (-, ), for any g € G. This concludes the proof. O

As explained earlier, Propositions together provide the following corol-
lary.

Corollary 2.10. Let ¢: G — GL(V') be a representation of a finite group G. Then ¢ is either
irreducible or decomposable.

Remark 2.11. Clearly, irreducible representations are indecomposable. Example[2.5/shows
the converse may fail.

Now we know every representation is either irreducible or decomposable, we proceed
to establish Maschke’s theorem, the central result of this part.

Theorem 2.12. Any representation of a finite group is completely reducible.

Proof. Let ¢p: G — GL(V) be arepresentation of a finite group G. We prove the statement
by induction on n, the degree of the representation. If n = 1, ¢ is irreducible by Example
1.14, Suppose then n > 1, and that the statement holds for any representation of a
finite group of degree at most n — 1. Let ¢: G — GL(V) be a representation of degree
n. If ¢ is irreducible, we are done. If not, it is decomposable by Corollary and
we find V1,V, C V non-trivial G—invariant subspaces of V so that V = V; & V,. As
dim(V7), dim(V;) < n, the induction hypothesis implies that ¢|y, and ¢|y, are completely
reducible, that is there exist Uy, . .., Uy, Wy, . .., W,. which are G—invariant so that

Vi=Uye---0U,, V=W &---0oW,
and ¢|y;, ¢|w, are irreducible, forany 1 <7 <s,1 < j <r. Then
V=VieWV,=U10---eUsoW,o---0W,
and ¢ is completely reducible. This achieves the inductive step and the proof. m|

Naturally, the question that arises with this result is about the (non-)uniqueness of the
decomposition of a representation into irreducible ones. This will be solved in a next
section.

3. SCHUR’S LEMMA AND ORTHOGONALITY RELATIONS

We now turn to study the "morphisms" of the theory.

Definition 3.1. Let ¢: G — GL(V), p: G — GL(W) be representations of a group G.
A morphism from ¢ to p is a linear map T': V — W so that Tz = p,T forany g € G.
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This notion is a weakening of equivalences of representations, since we do not require
T to be invertible.

For two representations ¢, p, we denote Homg (¢, p) the set of morphisms from ¢ to
p. Obviously, Homg (¢, p) € Hom(V,W). An element T' € Homg(¢, p) is often called
an intertwiner, or intertwining operator, of ¢ and p.

Animmediate consequence of the previous definition is the linear structure of Homg (¢, p).

Proposition 3.2. Let ¢: G — GL(V), p: G — GL(W) be representations of a group G.
Then Homg (¢, p) is a subspace of Hom(V, W).

Proof. Clearly, 0 € Homg(¢, p), and if T1, T> € Homg(¢, p) and ¢ € C, then
(Th+ ) g =Tipg + cTowg = pgT1 + cpgTh = pg (Th + cT?)
for any g € G, so that T + ¢T» € Homg (¢, p) as well. O
The next proposition is also a direct consequence of the definition.
Proposition 3.3. If T: V — W is in Homg (¢, p), then Ker(T') and Im(T') are G—invariant.
Proof. First, suppose v € Ker(T'). Then, since T'¢g = pT for any g € G, it follows that

Togv = pgTv = pg(0) =0
for any g € G, thus ¢4v € Ker(T'), which is G—invariant.
Now, if w € Im(T'), say w = T'v, then

psw = pgTv =Tepzv € Im(T)
for any g € G, whence Im(T') is G—invariant. O

The next result, usually referred to as the Schur’s lemma, is fundamental to representation
theory. Roughly speaking, it says that morphisms between irreducible representations
are very limited.

Lemma 3.4. Let @, p be irreducible representations of a group G, and let T € Homg (¢, p). Then
either T = 0 or T is an isomorphism. Consequently:

(i) If ¢ + p, then Homg (@, p) = {0}.
(i) If @ = p, there exists A € C so that T = Aldy.

Proof. Let then ¢: G — GL(V), p: G — GL(W) be irreducible representations of G,
with T' € Homg(¢, p). If T = 0, we are done.

Assume now T # 0. From Proposition Ker(T') is a G—invariant subspace of V,
whence Ker(T') = {0} or Ker(T') = V by irreducibility of ¢p. AsT # 0 this case is excluded,
so Ker(T') = {0} and T is injective. As also Im(T") is G—invariant and T' # 0, it follows
that Im(7") = W, and T is surjective. In conclusion, T is an isomorphism.

For (i), suppose Homg (¢, p) # {0}, and pick T' # 0 a morphism between ¢ and p. As
we just proved, T is an isomorphism, whence ¢ ~ p.

For (ii), suppose that T: V. — V € Homg (¢, ¢) , and let A € C be an eigenvalue of
T. Then T — Aldy is not invertible, and from Proposition one has also T' — Aldy €
Homg (¢, ). From the first part of the proof, we deduce T'— Aldy =0,ie. T = Aldy. O

We are now able to describe irreducible representations of abelian groups.

Corollary 3.5. Let G be an abelian group. Then any irreducible representation of G has degree
one.
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Proof. Let ¢: G — GL(V) be an irreducible representation of G. Fix A € G. Then

PrPg = Phg = Pgh = PgPh
for any g € G, and Schur’s lemma then implies there is A5, € C so that ¢, = Axldy. If
v#0€eVand A € C, then
(ph/lv = /1}1/10 € Cv

so is a G—invariant subspace of V. From the irreducibility of ¢, it follows that V = Cuv,
and therefore dim(V') = 1, as announced. O
This result has nice applications in linear algebra.

Corollary 3.6. Let ¢: G — GL,,(C) be a representation of a finite abelian group G. Then there
exists an invertible matrix T € GL,(C) so that T~ T is diagonal for all g € G.

Proof. By Theorem @ is completely reducible, so ¢ ~ eV @ - @ '™ where ¢ is
an irreducible representation of G, 1 < i < m. Since G is abelian, go(i) is one-dimensional,
son = m and (pg) € C'forany g € Gand 1 < i < n. Denoting T: C* — C" the
isomorphism realising the equivalence between ¢ and eV @ - @ ™), it follows that

T~ '9,T is the diagonal n X n matrix whose i—th coefficient on the diagonal is (pg), for

anyg € Gand1<i < n. O
We deduce from this result the diagonalisability of any matrix with finite order.

Corollary 3.7. Let A € GL,,(C) having finite order. Then A is diagonalisable, and its eigenvalues
are n—th roots of unity, where A" = I,,.

Proof. Suppose then that A® = I,,. Define a representation of Z/nZ on C™ by
@: Z/nZ, [k] — A*.

It is easy to check that ¢ is a representation. As Z/nZ is abelian, Corollary 3.6[ implies
there is T' € GL,,(C) so that T~ '¢1)T = T~ 'AT is diagonal, whence A is diagonalisable.

Now T~ 'AT = D is the matrix of the eigenvalues of A4,...,1,, of A, and as

D" =(T'AT)" =T AT =TI, T =1,

it follows that /1? =1forany 1 < i < m. Thus A4,...,A,, are n—th roots of unity, as
claimed. O

From now on, G always denote a finite group. Let ¢: G — GL, (C) be a representation
of G. Then ¢(g) = (¢i;(g))1<ij<n where ¢;;(g) € C,and thus ¢;; € C% = {f: G — C}.

Definition 3.8. Let G be a group. We denote L(G) := C% the C—vector space of complex
valued functions defined on G, endowed with the inner product

(f1,1f2) = ! Zfl(g)@: fi,f € CY.

Gl £
We are now going to show that when ¢ is irreducible and unitary, the set {¢;; : 1 <

i, j < n} forms an orthogonal set in L(G). -

Theorem 3.9. Let ¢: G — U,(C), p: G — U, (C) be inequivalent irreducible unitary
representations of G. Then
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(i) {@ij, pr1) =0forall1 <i,j <n,1<k,l <m.
(i) {Pik, Pj1) = ~0;;0n.
The proof of these orthogonality relations requires some preparations. The first one

provides a generic way of getting intertwiners of representations.
Letp: G — GL(V), p: G — GL(W) berepresentations of G, and letT € Hom(V, W).

Define a new linear transformation 7' € Hom(V, W) by

_ 1
T = @ Z pg—ngﬂg.
geG

This procedure has the following properties.

Lemma 3.10. Let ¢: G — GL(V), p: G — GL(W) be representations of G, and let
T € Hom(V,W). Then

(i) T € Homg(¢, p). B
(ii) If T € Homg(p, p), then T =T.

(iii) The map Hom(V,W) — Homg (¢, p), T +— T is linear and surjective.
Proof. (i) Obvisously, T € Hom(V, W) and if g € G we compute that

1
Ton= Gl Z P TPgpn

geG
1 1
= @ Z Pg 1 TPgn = @ Z Pre-1 T ¢y
ge@ teG
1
= Ph@ Z pi-1 Ty
teG

whence T € Homg (¢, p).
(i) If T already intertwines ¢ and p, then T'¢, = p,T for any g € G, and it follows that

1

= 1
T=—- Z P Tpg = — Z Pg-1pgT =T
Gl £ Gl 4

as claimed.
(iii) The surjectivity follows from (ii), and if 77, T, € Hom(V,W) and ¢ € C, then

— 1
T1 + CT2 = @ Z pg—l (T1 + CTQ)(/)g

ge@
1 1
= @ Z pg—lTl(pg + C@ Z pg—sz(pg
geG gcG
=T +cT,

establishing linearity of T' +— T. m]
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Then, from Schur’s lemma, we can in fact deduce an explicit expression for this inter-
twiner.

Proposition 3.11. Let ¢: G — GL(V), p: G — GL(W) be irreducible representations of
G, and let T € Hom(V,W). Then

(i) If o + p, then T = 0.

(ii) If 9 = p, then T = 7ok ldy.

Proof. Point (i) follows from (i) of Lemma 3.4 For (ii), we use (ii) of Lemma [3.4] to deduce

thereis A € Cso that T = Aldy. To determine A, we compute Tr(T) in two different ways.
On the one hand we have

Tr(T) = Tr(Aldy) = ATr(Idy) = Adim(V) = Adeg(yp)

while on the other hand the initial definition of T provides

_ 1 1 1
Te(T) = Tr(@ Z (pnggag) =& Z Tr(pg1T@g) = el Z Te(T) = Te(T).

geG geG geG
Thus A = dfé% = dzr;(T(;) , which concludes the proof. m|

Let ¢p: G —, (C) and p: G — GL,,(C). The map Hom(V,W) — Homg(¢, p)
from Lemma is then a map from M,,, (C) to a subspace of M,,,(C), and it is natural
to try to compute its matrix with respect to the standard basis of M,,,(C). It turns out
this matrix has a special form is ¢ and p are unitary.

To make this claim more precise, we need the following lemma about matrix multipli-
cation. Recall that the standard basis of M,,,(C) is E11, E1, . .., E;y, where E;j has its
(i, j)—th coefficient equal to 1, and the others equal to 0.

Lemma 3.12. Let A € M,,,,(C), B € M,,s(C) and E; € M,,,,,(C). Then (AEkiB)lj = aibi;.

Proof. Directly (AEy;B);; = Z a;r(Exi)rsbs; and the only non-zero term in this sum is
r,s
when r = k and s = i, giving the announced formula. |

We can now proceed to prove the following.
Proposition 3.13. Let ¢: G —>_Un(C) and p: G — U, (C) be unitary representations of G.
Let A = Ep; € Mpn(C). Then (A)r; = (@ij, Pri)-

Proof. From the definition of A and Lemma we have

— 1 1 _
(A= —= > (P Eriej = == > pn(g ) pij(g).
Gl £ Gl £

As p is unitary, p(g™) = p(g) ™! = p(g)*, s0 pi(g™1) = pir(g), and it follows that

@y = — > 0@ is(&) = @iz, P
a1 24

as was to be shown. m|
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We have all we need to establish Schur’s orthogonality relations, namely Theorem

Proof. Let then ¢: G — U,(C), p: G — U,,(C) be inequivalent irreducible unitary
representations of G.
For (i), let A = Ep; € My,,(C). Then, as ¢ and p are inequivalent, Proposition [3.11]

implies that A = 0. Hence (@ij, Pr1) = (Z)lj =0, as claimed.
For (ii), suppose first that e =7 and [/ = j. Let A = E;;. Then

— r(A
(@ij, pij) = (A)j; = (dT ((;)Idc”) (%Id‘c") T %
JJ

using first Proposition and then Proposition 3.11]ii). If now & # i and [ = j for
instance, let A = E}; and observe that

(pij» o) = (A)j = (e—

since Tr(A) = 0. The remaining cases are handled similarly, and the theorem is proved. O
Renormalizing, we deduce also the next corollary.

Corollary 3.14. Let ¢: G — U,(C) be an irreducible unitary representation of degree n. Then

the n? functions
{\/ﬁ(pijtlﬁi,jﬁn}
form an orthonormal set in L(G).

An important consequence of Theorem [3.9)is that there are only finitely many equiva-
lence classes of irreducible representations. Indeed, first recall that each equivalence class
contains a unitary representation. As the entries of inequivalent unitary representations
of G form an orthogonal set in L(G), they form in fact a linearly independent set of vec-

tors in L(G). Thus there are at most dim(L(G)) = |G| equivalence classes of irreducible
representations.

Additionally, if 1, ..., ¢'® form a complete set of representatives of the equivalence
classes of irreducible representations of G and d; = deg(cp(‘)), then the functions

(Vrp? 1<k <5,1<4,j < di}
form an orthonormal set in L(G), and thus
s<di+ds+---+d><|G
We shall see later on that the second inequality is in fact an equality, whereas the first
inequality is an equality if and only if G is abelian.
4. CHARACTER THEORY AND CENTRAL FUNCTIONS

Definition 4.1. Let G be a finite group and ¢: G — GL(V) be a representation of G. Its
character, denoted ¥, is the function y,: G — C defined as

Xo(8) =Tr(pg), g €G.

Moreover, if ¢ is irreducible then y,, is called an irreducible character.
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Note that if ¢ is one-dimensional, then y, = ¢. We will therefore not make the
distinction between one dimensional representations and their characters.

The character of a representation encodes many informations about the representation,
the first one being its degree.

Proposition 4.2. Let ¢: G —> GL(V) be a representation of G. Then y,(e) = deg(¢p).
Proof. x,(e) = Tr(g(e)) = Tr(Idy) = dim(V) = deg(¢). m]
Also, equivalent representations have same characters.

Proposition 4.3. Let ¢: G — GL(V), p: G — GL(W) be representations G. If ¢ ~ p,
then xo = Xp-

Proof. From the assumption, there is an isomorphism T': V. — W so that T'¢, = pT for
any g € G. It follows that

Xo(8) = Tr(pg) = Tr(T ' pT) = Te(T ' Tpg) = Tr(pg) = xp(8)
for any g € G. m|

The same proof shows that characters are constant on conjugacy classes.

Proposition 4.4. Let ¢: G — GL(V) be a representation of G. Then X(/,(hgh_l) = Xo(8) for
all g, h € G.

Proof. Let g, h € G, and compute that
Yo (hgh™) = Tr(@pgp-1) = Tr(Pr@epp1) = Tr(@rpn19g) = Tr(@g) = ¥p(8)
using that, inside Tr, matrices commute. O

Functions on the group that are constant on conjugacy classes play a key role in repre-
sentation theory. They deserve their own name.

Definition 4.5. A function f: G —> Cis called centralif f (hgh™') = f(g) forany g, h € G.
The space of central functions is denoted Z(L(G)).

Equivalently, f: G — C s central if f(gh) = f(hg) forany g, h € G.
Proposition 4.6. Z(L(G)) is a subspace of L(G).
Proof. Let fi1, fo € Z(L(G)) and ¢ € C. We have
(fi +cf2) (hgh™) = fi(hgh™) + cfo(hgh™) = fi(g) + cf2(g) = (fi +cf2) ()
for any g,h € G, whence f1 + cfo € Z(L(G)). O

As Z(L(GQ)) is a subspace, we can try to find its dimension. Let CL(G) be the set of
conjugacy classes of G. For C € CL(G), let

0c:G— C

1 ifgeC
g L.
0 otherwise

Lemma 4.7. The set B = {6¢c : C € CL(G)} is a basis of Z(L(G)). In particular, one has
dim(Z(L(G)) = |CL(G))|.
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Proof. First of all, if C € CL(G), then ¢ € Z(L(G)). If f € Z(L(G)) and f(C) denotes
the value of f on the conjugacy class C, then

f= ). f(C)c
CeCL(G)
whence B generates Z(L(G)).
Now, if C # C" € CL(G), then
1 —
(6c,80) = 15 ), 6c(8)0c (8) = 0

geG
since there is no g € G lying into two distinct conjugacy classes. Thus B is an orthogonal
set of vectors in Z(L(G)), and in particular is a set of linearly independent vectors. O

Thanks to Schur’s orthogonality relations (Theorem 3.9), we can deduce a similar state-
ment on characters.

Theorem 4.8. Let ¢: G — GL,(C), p: G — GL,,,(C) be irreducible representations of G.
_ 1 ife~p
Then Xy, Xp) = {0 ifo+p

Proof. Since any representation is equivalent to a unitary one (Proposition [2.9) and since
equivalent representations have equal characters (Proposition4.3), we may assume that ¢
and p are unitary. Thus it follows that

(Xo» Xo) = lé—l D Tr(gg)Tr(pg) = ﬁ > Z ¢i(g) i 0ii(g) = Z i«pii, pif)-
j=1

ge@ geiG i=1 =1 j=1

If ¢ + p, then {(@;;, pj;) = 0 by Theorem 3.9, whence (¥, ¥,) = 0.
If ¢ ~ p, then

U Xo) = X Xo) = D, D [ Pitr 91)-

i=1 j=1
From Theorem 3.9} {(@;i, ¢;;) # 0 if and only if j = 7, in which case we get
n
1
, = —=1
(Xop» Xo) ;} .
as claimed. This terminates our proof. m|
Corollary 4.9. There are at most |CL(G)| equivalence classes of irreducible representations of G.

Proof. From Theorem[4.8] inequivalent representations have distinct characters. As distinct
characters of irreducible representations form an orthonormal set of Z(L(G)), they are
linearly independent, and thus their number cannot exceed dim(Z(L(G)) = |GL(G)|. O

If V is a vector space, ¢ a representation of G on V and m > 1, we write mV for the
direct sum of m copies of V, as well as m¢ for the direct sum of m copies of ¢.

Let V..., 9 be a complete set of representatives of irreducible representations of
G. Denote d; := deg(¢p®).
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Definition 4.10. Let ¢ be a representation of G. If ¢ ~ mieM) @ - ® myp'®, then we
call m; the multiplicity of ¥ in ¢. If m; > 1, we say @D is an irreducible constituent of ¢.

Note that if ¢ ~ mlgo(l) ®---d mscp(s), then deg(¢) = midi + - - - + msds.

At this point, it is not clear that the multiplicity is well-defined, since we did not prove
that the decomposition into irreducible ones is unique. We tackle the question by showing
directly that multiplicities can be computed from characters. Since characters depend only
on the equivalence class of the representation (cf. Proposition , the multiplicity of ¢
will be the same no matter how we decompose ¢.

We first record the following property of characters.

Lemma 4.11. Let @, p be representations of G. Then Yypep = Yo + Xp-
Proof. For any g € G, (¢ @ p)g is the diagonal block matrix

g O
0 pg

and since the trace is the sum of diagonal elements, the claim follows. m|

We can thus use orthogonality of irreducible characters to extract the coefficients in the
decomposition of an arbitrary representation.

Theorem 4.12. Let oV, ..., @) be a complete set of representatives of the equivalence classes
of irreducible representations of G. Let

o ~mipV @ ®msp®.

Then m; = Xy, Xp0). In particular, the decomposition of ¢ into irreducible constituents is
unique and ¢ is determined up to equivalence by its character.

Proof. From Lemma we have
Xo =M1Ypm + o+ Mg}
whence
K> X)) = (M1 + -+ Ms Y90, X)) = M

using Theorem The second and third statements are consequences of Proposition
|

From this computation, we deduce a practical condition for checking a given represen-
tation is irreducible.

Corollary 4.13. A representation ¢ of a group G is irreducible if and only if (¥, Xp) = 1.
Proof. If ¢ ~ mgpM) @ - - ® my®, then
S S
o Xo) = D il Xp0) = )
i=1 i=1
Since m; is a natural integer for all 1 <7 < s, (¥, ¥o) = 1 if and only if there is an index

i so that m; = 1, and m; = 0 for j # i. This amounts to saying that ¢ ~ ¢®, which is
equivalent to ¢ being irreducible by Proposition o
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Example 4.14. Consider the representation of G = S3 given by

(-1 -1 (-1 -1
Pay=\og 1> Pay={1 o

The values of y, are then y,(Id) = 2, x,((12)) =0, x,((123)) = -1, and Id, (12), (123)
is a complete set of representatives of the conjugacy classes of G, whose cardinalities are
respectively 1, 3 and 2. Thus

1
(Xps o) = 2(1- 224307 +2- (=1)) =1

and ¢ is irreducible, as already showed in Example[1.16]

Example 4.15. Consider the standard representation ¢ of G = S; as in Example
G has five conjugacy classes, with representatives (1), (12)(34), (12), (1234), (123), of
cardinalities 1, 3, 6, 6 and 8 respectively. Values of y,, are then y,((1)) = 4, ¥,((12)(34)) =
0, ¥p((12)) =2, y4((1234)) =0, ¥,((123)) = 1, whence

1
(s g = 57 (1443074622460 +8-1%) =2

and ¢ is not irreducible. This agrees with the previous observation that e; + ex + e3 + ey
generates an invariant subspace of C*.

Example 4.16. We already know two irreducible representations of S3: the trivial one and
¢ of Example Observe that also the signature £: S3 — C* is a group homomor-
phism, and therefore a one-dimensional representation of S3. Since its character is itself,
we directly compute

1
(Xe» Xe) = g<1-12+3- (-1)*+2-1%) =1

and thus ¢ is irreducible as well. As the values of its character differ from the values of the
character of the trivial representation and the character of ¢, € is not equivalent to any of
those representations. In fact, since S3 has three conjugacy classes, Corollary 4.9 ensures
it has at most three inequivalent irreducible representations, and since we found already
three inequivalent irreducible representations, it has exactly three inequivalent irreducible
representations.

Let us now decompose the standard representation p of S3 (cf. Example as a direct
sum of 1g,, € and ¢. Indeed, we know that

0~ milg, ® mye ® mzQ.

Moreover, the character of p is given by y,((1)) =3, x,((12)) =1, x,((123)) = 0. Using
Theorem we compute

1

mi= (Yo J1s,) = 2(1:3:143:1:142:0-1) =1
1

ma = (Yp: fe) = (13- 1431+ (-1)+2:0:1) =0

1
m3 = (Yo p) = (13:243-1:0+2:0- (1)) =1
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and we conclude that p ~ 1g, @ ¢.

Let CG denote the vector space of all formal linear combinations of elements of G, that

is
CG::{Zagg:ageC}.

ge@
Addition and multiplication are defined using addition and multiplication in C:

( Z agg) + (Z bgg) = Z(ag +bg)8, /1( Z agg) = Z(/lag)g.
geG g€G ge@G geG geG
This vector space can be endowed with an inner product, given by
< Z agg, Z bgg> = Z agg.
ge@ geG geG

Definition 4.17. Let G be a finite group. Its regular representation is the group homomor-
phism L: G — GL(CG) defined as

Lg( Z chh) = Z cn(gh) = Z Cq14X.

he@G he@G xe@G

We will see below that the left regular representation is never irreducible, but has the
feature of containing all irreducible representations of the group as subrepresentations.
To begin, we shall indeed prove it is a representation.

Lemma 4.18. L: G — GL(CG) is a unitary representation of G.
Proof. Linearity of L4 for any g € G is straightforward to establish. Also if g, 2 € G then

L, (Lh( Z axx)) = Lg( Z ax(hx)) = Z a.(ghx) = Lgh( Z axx)

xe@ xe@G xeG xe@G

so L: G — GL(CQG) is a group homomorphism. To prove L, is unitary for any g € G,
it is enough to prove it preserves the inner product on CG. We compute then

<Lg( > ahh),Lg( > bhh)> = < D an(gh), )’ bh(gh)>

heG heG he@G heG
= < Z ag_1hh, Z bg—lhh>
heG heG
= Z ag-1hbg_1h
he@G
= Z atb_t
te@
= < Z anh, Z bhh>
he@G he@G

and thus L, is unitary for all g € G. This concludes the proof. m]
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The character of L takes a very simple form.
Proposition 4.19. We have y1.(g) = |G|.(g).

Proof. Let G = {g1,...,8,} where n = |G|. Let g € G. As G is a basis of CG, we
can compute the matrix [Lgz] of Ly: CG — CG with respect to that basis. Since
L¢(gi) = g8i, we have

1 ifgi=gg;, |1 ifg=gg
([Lg])ij:{ l ! ={ i

0 otherwise 0 otherwise

In particular ([Lg]);; = 1if g = e and 0 otherwise, and it follows that

xe(8) = Tr([Lg]) = D ([Lg))i = |Gl6e(2)
1=1

as claimed. O
We can now establish the decomposition of L into irreducible constituents.

Proposition 4.20. Let ¢V, ..., ¢ bea complete set of inequivalent irreducible unitary repre-
sentations of G. For 1 < i < s, denote d; = deg(¢p¥). Then one has

L~ dl(p(l) ®--- D ds<p(s).

Proof. Invoking Theorem .12} it suffices to compute (}¥z, ¥, ) to deduce the decomposi-
tion of L. But, thanks to Proposition 4.2land Proposition we have

1 — 1 :
D) =— 0(g) = —|G|deg(p") = d;
(Ao Xp) = 157 0, 11(8) Xy (&) = 1571Gldeg (") = d
geG
for any 1 < i < s, and the conclusion follows. m]

We can then complete our previous results.
Proposition 4.21. With the above notation, |G| = d% +o+d2
Proof. As L ~ d1pM @ --- & d ', it follows from Propositionand Lemma that
XL =difom + -+ dsfye-
Evaluating this equality at g = e and using that ¥, (e) =d;, 1 <i <'s, we get
Gl = yr(e) =diy,m(e) +- - +dsy () =di +- - +di
as was to be shown. m]

Corollary 4.22. With the above notations, the set

B={\/d—k<p§j’?):1sk33,1si,j3dk}

is an orthonormal basis of L(QG).
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Proof. We already know that B form an orthonormal set of L(G) (by the discussion
following Corollary (3.14), and as

|B| =di +---+d? = |G| = dim(L(G))
we deduce that B is a basis of L(G). O
Here is another basis for the space Z(L(G)) of central functions on the group G.
Theorem 4.23. Irreducible characters y1, ..., Xs form an orthonormal basis of Z(L(G)).

Proof. From Theorem[4.8, we already know irreducible characters are pairwise orthogonal,
and in particular linearly independent. It remains to show they generate Z(L(G)).

Let then f € Z(L(G)). By Corollary 4.22, there exist cg?) so that

F=3 b,

1,7,k

Letx € G. As f is central, we then have

f<>—|G|Zf<gg

geG

k k -
el Z ool (gxg™)
geGi,j,k

k k
fj)l Gl > 01 (gxg™)
geG

(k) (k) (k) (k)
Pl Do ool
1,7,k - geG ij

(k) (k)
> elol|
Lj

1,7,k

k
_ Z (k) Tr(w( )) l
4 YL d ij

(k)
Cii dp,

L,J:k

— Xk (%)
i,k

using Proposition 3.11| for the sixth equality. Hence f = Z l(lk) X%, which shows that

i,k
irreducible characters span Z(L(G)). The proof is complete. |

Since indicator functions of conjugacy classes also form a basis of Z(L(G)), we deduce
the following.

Corollary 4.24. The number of equivalence classes of irreducible representations of G equals the
number of conjugacy classes of G.
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As a particular case of this corollary, we deduce that a group G is abelian if and only if
it has |G| irreducible representations, up to equivalence.

Example 4.25. Let G = Z/nZ, and w = e, Let G — C*, [m] — w*™. Then
X0s - - - » Xn—1 are the irreducible representations of G. Their values on conjugacy classes
are usually gathered in a table, called the character table of G. For instance, the character
table of Z /47 looks like

[0] 1] [2] [3]
o 1.1 1 1
n 1 -1 1 -1
X2 1 l -1 —
X3 1 -1 -1 1
Example 4.26. From Example we see that the character table of G = Sz is

Id (12) (123)
Yo 1 1 1
e 1 -1 1
Yo 2 0 -1
with £: 83 — C* the signature and ¢ the irreducible 2—dimensional representation

from Example

In these two tables, we note that the inner product of two distinct columns is always 0.
This is in fact always the case.

Theorem 4.27. Let C, C’ be conjugacy classes of G and g € C, h € C’. Then

le(g))(( {% ye=c

otherwise

In particular, columns of the chamcter table are pairwise orthogonal.

S
Proof. Writing 6¢r = Z<5C" Xi) Xi, we compute
=1

5o (g) = ch,, 1 x:i(8)

:i (250 (x))(z(x))/l/l(g)

=1 xeG

- |—( > 5 )
=1

xeC’

= Z i(h)xi(g)

=1

and the claim follows. m|
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5. REPRESENTATIONS OF FINITE ABELIAN GROUPS

As shown in Example we know all irreducible representations of Z/nZ. As any
finite abelian group is a direct product of these, we only need to describe how to get
irreducible representations of direct products of groups from irreducible representations
of each factor. This is done by the next result.

Proposition 5.1. Let G, H be abelian groups, and let y1, ..., Xn, ¥1, . - ., Pm be their irrducible
representations (in particular n = |G| and m = |H|). For 1 <1 < n, 1 < j < m, define
a;;: GxH— C* by
a;j(&,h) = xi(g)p;(h), (g,h) € GxH.
Then {a;j : 1 <1 <n,1 < j < m} form a complete set of irreducible representations of G X H.
Proof. Let1 <i<n,1<j<m.Forall (g,h),(g’,h") € G X H, wehave
aij((g,h) (&', k) = aij(gg’, hl')
= xi(gg") @i (hR')
= xi(8)pi(h) xi (&) pir (B')
= a;j(g,h)aij(g’, 1)
so a;;: G X H — C" is a group homomorphism, namely a 1-dimensional representation
of G X H. It follows in particular that a;; is irreducible. We now show that the set
mentioned in the statement has no repetitions, i.e. that @;; = ay; implies: = j and & = [.
If a;; = a(kl), then
Xi(8) = 1i(8)pj(en) = aij(g,en) = ar(g,en) = xr(8g)
for any g € G, whence i = k. Likewise, j = [. Lastly, since
|G xH|=nm={a;j:1<i<n,1<j<m}

we conclude that any irreducible representation of G X H is of the form a;; for some
1<i<nand1<j<m. O

Example 5.2. The character table of Z/27 x 7/27 is given by
([01.[0n (1Lfon (oLrnn (10

a11 1 1 1 1
(441) 1 1 -1 -1
an 1 -1 1 -1
(4%)) 1 -1 -1 1
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